We prove there are infinitely many classes of integral quadratic forms which represent all integers of the ground field locally but not globally once there is such an integral quadratic form over a number field. Moreover, we show that an integral quadratic form with more than one variables represents all integers of the ground number field over the ring of integers of a finite extension of the ground field if and only if this quadratic form represents 1 over the ring of integers of a finite extension of the ground field.
Introduction
Universal integral quadratic forms over Z have been studied extensively by Dickson [7] and Ross [23] for both positive definite and indefinite cases in the 1930s. A positive definite integral quadratic form is called universal if it represents all positive integers. Ross pointed out that there is no ternary positive definite universal form over Z in [23] (see a more conceptual proof in [9, Lemma 3] ). However, this result is not true over totally real number fields. In [20] , Maass proved that x 2 + y 2 + z 2 is a positive definite universal quadratic form over the ring of integers of Q( √ 5). Chan, Kim and Raghavan further determined all possible quadratic real fields which admit a positive definite universal ternary quadratic form and listed all positive definite universal ternary quadratic forms in [4] . A symbolic achievement for positive definite universal quadratic forms over Z is the 15-theorem first proved by Conway and Schneeberger and simplified by Bhargava in [2] , which claims that a positive definite classical quadratic form f is universal if and only if f represents all positive integers from 1 to 15. Lee in [17] established an analogy of Conway and Schneeberger's 15-theorem over the ring of integers of Q( √ 5). In fact, for any fixed totally real field, universal quadratic forms always exist by [12] . By the reduction theory, Kim and Earnest [8, Corollary 1] showed that there are only finitely many classes of positive definite quadratic forms over a given totally real field with the minimal rank. The natural problems remain to determine the minimal rank for existing positive definite universal quadratic forms and classify all universal forms of the minimal rank over a given totally real field. Indeed, there are so many articles concerning these subjects such as [3] , [6] , [9] , [15] , [16] , [24] , [29] etc. Indefinite quadratic forms have significantly different features from positive definite quadratic forms. An indefinite integral quadratic form is called universal if it represents all integers. Since the representability of indefinite quadratic forms with more than three variables satisfies the local global principle by strong approximation for spin groups, the universal property of indefinite quadratic forms with more than three variables is a purely local problem. By inspecting the integral spinor norms, one concludes that the class number of indefinite universal ternary quadratic forms over Z is one. Therefore the universal property of indefinite ternary quadratic forms over Z is also a purely local problem. However, it is not a local problem any more over a number field because the class group of the ground number field will be involved. Indeed, Estes and Hsia [10] have determined all imaginary quadratic fields where x 2 + y 2 + z 2 is universal. In particular, there are infinitely many imaginary quadratic fields where x 2 + y 2 + z 2 is locally universal but not globally. In this paper, we will study indefinite universal quadratic forms over general number fields. We prove there are infinitely many classes of quadratic forms which are locally universal but not globally over a given number field once such a quadratic form exists (see Theorem 3.6).
Theorem 1.1. If there is an indefinite quadratic forms which are locally universal but not globally over a number field k, then there are infinitely many classes of indefinite quadratic forms which are locally universal but not globally over k.
Dickson in [7, Theorem 22 ] (see also [23, Theorem 5] ) proved that a ternary indefinite universal quadratic form over Z has non-trivial zero over Q. Ross in [23, Theorem 6] further proved that every ternary quadratic form with non-trivial zero over Q and square-free discriminant is universal over Z. We will point out that Dickson's result still holds over number fields (see Proposition 3.7) but Ross' result does not hold over general number fields any more (see Example 3.8) . Moreover, we also show that one can not expect the result like Conway and Schneeberger's 15-theorem for indefinite universal quadratic forms (see Proposition 3.9).
Since the universal property for both positive definite case and indefinite case is not stable under base change, we consider the following generalization of universal quadratic forms. i) We say f is potentially universal over k if there is a finite extension K/k such that every element in o k can be represented by f over the ring of integers of K.
ii) We say an element α in o k is potentially represented by f over k if α can be represented by f over the ring of integers of a finite extension K/k.
The following theorem has the same spirit of Conway and Schneeberger 15-theorem. Theorem 1.3. Let f be an integral quadratic form f over the ring of integers o k of a number field k with more than one variables. Then f is potentially universal over k if and only if 1 is potentially represented by f over k.
An immediate consequence of this theorem is that the potentially universal property is stable under base change.
Terminology and notation are standard if not explained and are adopted from [19] . Let k be a number field and o k be the ring of integers of k. Let Ω k be the set of all primes of k and ∞ k be the set of all archimedean primes. For any v ∈ Ω k , we denote k v the completion of k with respect to v. When v ∈ Ω k \ ∞ k , the completion of o k with respect to v inside k v is denoted by o kv and the group of units of o kv is denoted by o × kv . We fix a prime element
is a non-degenerated quadratic space over k. We use s(L) and n(L) to denote the fractional ideals of o k generated by B(x, y) with x, y ∈ L and Q(x) with x ∈ L respectively. Write
Similarly, for any o k -lattice L, we write L v for the completion of L with respect to v ∈ ∞ k and for k v L with v ∈ ∞ k . Moreover, we also have an o kv -lattice with the same notions as above for a non-archimedean prime v of k. For α, β, γ ∈ o kv , we denote γA(α, β) a binary lattice
Locally universal conditions
In this section, we study the local universal property over a local field.
One has the following criterion to verify the locally universal lattices. 
one concludes Q(L) = o kv as desired.
2.1. Non-dyadic cases. By using Lemma 2.2, we can determine the locally universal lattices in term of Jordan splittings over non-dyadic local fields. 
over a non-dyadic local field k v . Then L is locally universal over k v if and only if L 1 is unimodular such that one of the following conditions holds (1) rank(L 1 ) ≥ 3 or L 1 = A(0, 0).
(2) rank(L 1 ) = 2 with L 1 ≇ A(0, 0) and L 2 is (π v )-modular with rank(L 2 ) ≥ 2.
Proof. Sufficiency. For (1), it is clear that A(0, 0) is locally universal. If rank(L 1 ) ≥ 3, then Q(L 1 ) = o kv by [19, 92:1b] . For (2), one has
by [19, 92:1b] . The result follows from Lemma 2.2. Necessity. Since L is locally universal, one has n(L) = s(L) = o kv . This implies that L 1 is unimodular. If rank( 2.2. Dyadic cases of general rank. It is more complicated to determine the locally universal lattices over dyadic local fields. One can compare this with computing integral spinor norms over dyadic local fields. Based on various efforts of [11] , [25] , [26] and [27] , Beli completed the computation of integral spinor norms over dyadic local fields in [1] in terms of BONGs. The complete determination of integral spinor norms over dyadic local fields in terms of Jordan splittings was given in [18] . Because of this complexity, we will only provide the complete solution of locally universal ternary quadratic forms.
Consider
the minimal norm Jordan splitting over a dyadic local field k v in sense of [28] and write
Proposition 2.5. If there is j < i(L) such that n(L j ) = n(L) = o kv in the above minimal norm Jordan splitting (2.1) over dyadic local fields, then L j is an orthogonal sum of 2 −1 A(0, 0).
Proof. It follows from [27, Lemma 1.1].
For any ξ ∈ k v , the quadratic defect is defined in [19, §63 A]
Proposition 2.6. Suppose that L = L 1 ⊥ L 2 ⊥ · · · ⊥ L t is a minimal norm Jordan splitting such that rank(L 1 ) = 2 and n(L 1 ) = 2s(L 1 ). If
then there is a minimal norm Jordan splitting
Proof. There is 2 ≤ i ≤ t such that n(L i ) = n(L 2 ⊥ · · · ⊥ L t ). Since n(L 1 ) = 2s(L 1 ), one concludes that n(L i ) = 2s(L i ). There is a sub-lattice K with rank(K) ≤ 2 such that
by [19, 93:18] . Without loss of generality, we assume that L 1 is unimodular and only need to consider the splitting of
Since a + b is odd by (2.3) and [19, 63:2] 
. By a simple computation, one has d(−det(L ′ 1 )) d(−det(L 1 )) with n(L ′ 1 ) = n(L 1 ) and n(K ′ ) = n(K). By repeating this argument, one eventually gets d(−det(L ′ 1 )) ⊆ 4o kv as required. 
Proof. Without loss of generality, we assume that
, a contradiction is derived from (2.4) by [19, 63:5] . Proof. Suppose that L has two Jordan components. One can assume that [19, 63:11] . Suppose that L is modular. Then one can assume that [25] .
Otherwise, one has a = ord v (2) . [19, 93:11] . Since π v ∈ Q(2 −1 A(2, 2ρ)) by the principle of domination in [22] , one obtains the result as desired.
2.3. Dyadic cases of rank three. Now we focus on ternary lattices over dyadic local fields. We first need the following lemma.
if and only if k is even. Proof. For an even integer k, one considers [19, 63:11] . For any
. For an odd integer k, we consider a new quadratic form Q ′ scaling by −ǫδ. Then
by [19, 63:5] . Since (π
By [19, 63:5] , one concludes that 
is even by [19, 63:1] and Lemma 2.9. Since
where 0 ≤ a < ord v (2) is an integer and ǫ ∈ o × kv , then ∆ ∈ Q(L). Proof. Suppose not. There are a, b ∈ o kv and c ∈ o × kv such that ∆ = Q(ax + by + cz) = c 2 + Q(ax + by).
Since
ord v Q(ax + by) = min{ord v (Q(ax)), ord v (Q(by))} is odd by the principle of domination in [22] , a contradiction is derived by [19, 63:1 and 63:5] . [19, 63:11] , one only needs to show that Therefore 2) (π v )n(L 1 ) = n(L 2 ) and k v L is isotropic.
3) n(L 1 ) = (π v )n(L 2 ) and k v L is isotropic.
Proof. Sufficiency. For Case 1), since 2 −1 A(0, 0) is locally universal, one obtains that L is locally universal. For Case 2), one can assume that d(−det(L 1 )π −2s 1 ) ⊆ 4o kv by Prop. 2.6, where s 1 = ord v (s(L 1 )). Since k v L is isotropic, one concludes that
by the principle of domination in [22] . Therefore o × kv ⊆ Q(L) by Lemma 2.12 Case 1.
and Q(y) = 0.
Then [22] . A contradiction is derived.
Indefinite universal quadratic forms over number fields
In this section, we will apply our computations in §2 to study indefinite universal quadratic forms over a number field k. Proof. Sufficiency. Since a · a −1 = o k , one has Q(L) ⊆ o k . On the hand, fix a ∈ a with a = 0. Then a −1 ∈ a −1 . For any β ∈ o k , one has βa ∈ a. Therefore
This implies that Q(L) = o k as desired.
Necessity. By Prop.2.3 and Cor.2.8, one obtains that L is 1 2 o k -modular over the hyperbolic plane. Therefore L is in the required form by [19, 82:21a] .
Since any σ ∈ O + (V ) is given by σ(x) = αx; σ(y) = α −1 y for α ∈ k × , this implies that the above correspondence is well-defined and bijective. One can define gen(L) to be the orbit of L under the action of O A (V ). It is well known that the number of proper classes in gen(L) is finite by [19, 103:4] . Proof. By [19, 101:8; 102:7; 104:5] , the number h + (L) of proper classes in gen(L) is given by
This is because
Since
by [19, 33:14] , one concludes that h + (L) divides 2-part of |Pic(o k )|. Since |Pic(o k )| is odd, one obtains h + (L) = 1 as desired.
As [ Proof. By [10, Theorem] , the quadratic form f is universal over o k . By [19, 92:5] and [11, Prop. A], the number h(f ) of (proper) classes in gen(f ) is given by
where I k is the idelic group of k as Prop.3.4.
one concludes that
.
Therefore
by [19, 33:14] and [5, Theorem 6.1].
By [10, Theorem] , the quadratic form x 2 + y 2 + z 2 is locally universal but not globally over infinitely many imaginary quadratic fields. For a given number field, there are also infinitely many classes of quadratic forms which are locally universal but not globally once there is one.
Theorem 3.6. If there is an o k -lattice which is locally universal but not globally over o k , then there are infinitely many classes of o k -lattices which are locally universal but not globally.
Proof. Let L be an o k -lattice which is locally universal but not globally over o k . By [19, 104:4] , one obtains 2 ≤ rank(L) ≤ 3.
Suppose rank(L) = 2. Then kL is isotropic and L is 
We define
θ A (a, gen(L)) = θ A (X A (a, σ 0 (L))) which is independent of choice of σ 0 , where θ A is the adelic spinor norm map. Then
by [13, Theorem 4.1] , where K = k( −a · det(L)) and N K/k is the norm map.
Choose a sequence of non-dyadic primes v 1 , . . . , v n , . . . of k such that L v i is unimodular and a ∈ o × kv i for i = 1, . . . , n, . . . . Write
by [19, 92:1b] . Let M i be an o k -lattice defined by
for i = 1, . . . , n, . . . . Since L is locally universal, one obtains that M i is locally universal by Prop.2.3 for i = 1, . . . , n, . . . . Since θ A (a, gen(M i )) = θ A (a, gen(L)) = N K/k (I K ) by [13, Theorem 5.1] , there is one class in gen(M i ) which is locally universal but does not represent a by [13, Theorem 4.1] . Since gen(M i ) = gen(M j ) by comparing the discriminants for any i = j, one concludes that there are infinitely many classes of quadratic forms which are locally universal but not globally as desired.
For ternary universal o k -lattices, we extend [7, Theorem 22 ] (see also [23, Theorem 5] ) to general number fields. 
is also isotropic for all archimedean primes v, one concludes that kL is isotropic by Hasse-Minkowski Theorem (see [19, 66:1] ).
In [23, Theorem 6] , Ross further proved that every ternary quadratic form with non-trivial zero over Q and square-free discriminant over Z is universal. Such a result does not hold over general number fields. [19, 66:1] ). However, f is not universal over o k by [10, Theorem] .
Contrary to the positive definite case, one has the following result. Qv ) for all odd primes v = p, q. Since the Hasse symbol of f at R is equal to ( −1,−1 R ), one concludes that the Hasse symbol of f at v = 2 is equal to ( −1,−1 Q 2 ) by the Hilbert reciprocity law [19, 71:18 ]. Therefore f is isotropic over Q 2 by [19, 58:6] . By Prop.2.14, one obtains that f is locally universal over Z 2 .
By the same proof of Prop.3.4, one concludes that gen(f ) contains a single proper class. Therefore each integer which is represented by f locally will be represented by f . Since all integers between −N and N are not divisible by p and q, these integers are represented by f at primes v = p and q. This implies that all integers between −N and N are represented by f as desired.
Since there are infinitely many such pairs of primes (p, q) as above, one gets infinitely many quadratic forms as above. The proof is complete.
Potential universal quadratic forms
In this section, we consider the following generalization of universal lattices. We say that L is potentially universal if there is a finite extension K/k such that o k ⊂ Q( L)
An element α ∈ o k is potentially represented by L if there is a finite extension K/k such that α ∈ Q( L).
Letk be an algebraic closure of k, ok be the ring of all algebraic integers ink and o × k be the group of units in ok. for For any δ ∈ ok, we set Proof. Since
by the definition of ok(δ), the result holds obviously for these two cases.
For δ ∈ ok \ o × k with δ = 0, we only need to show ok(δ) ⊆ o × k + δok. For any γ ∈ ok(δ), one needs to construct two polynomials
Equivalently, the following linear equations 
are solvable over ok for some positive integer m, where a 1 , · · · , a m−1 and b 0 , b 1 , · · · , b m−1 are variables. Let K/k be a finite extension such that δ, γ ∈ K. Choose a positive even integer m such that γ m ≡ 1 mod δo K . By Chinese Remainder Theorem [19, 21:2] , the above linear equations are solvable over o K if and only if they are solvable over all completions of o K .
If v ∈ Ω K \ ∞ K with ord v (δ) = 0, one obtains that the above linear equations are solvable over o Kv by arbitrarily choosing values of a 1 , · · · , a m−1 in o Kv and inverting the matrix.
If v ∈ Ω K \ ∞ K with ord v (δ) > 0, one obtains that ord v (γ) = 0 by γ ∈ ok(δ). By taking
one concludes that the above equations is solvable over o Kv .
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Lemma 4.3. Let k be a number field. If δ is a non-zero element in o k , then there is a finite extension K/k with b 1 , · · · , b n , √ δ ∈ o K such that any element x ∈ o k can be written as
where r 1 ≥ 0, · · · , r n ≥ 0 are integers and ρ(x) ∈ o K .
Proof. Let K 1 = k( √ δ) and K 2 be the Hilbert class field of K 1 . Let p 1 , · · · , p m be all prime ideals of o K 1 containing 2 √ δo K 1 . By [21, Chapter IV, (8.6) Theorem], there is a i ∈ o K 2 such that p i o K 2 = (a i ) for 1 ≤ i ≤ m.
Consider the action of additive group (2 √ δo K 2 , +) on the set o K 2 ∩ ok(2 √ δ) by translation. Since δ = 0 and o K 2 /(2 √ δo K 2 ) is finite, the set o K 2 ∩ ok(2 √ δ) can be decomposed into finitely many orbits
by Lemma 4.2, where η i ∈ o × k and τ i ∈ ok for i = 1, · · · , t. By Dirichlet Unit Theorem [19, 33:10] , the group of units o × K 2 is generated by u 1 , · · · , u s . Let K = K 2 (η 1 , · · · , η t , τ 1 , · · · , τ t ) with {b 1 , · · · , b n } = {a 1 , · · · , a m , η 1 , · · · , η t , u 1 , · · · , u s , u −1 1 , · · · , u −1 s }. For any x ∈ o k , one has the decomposition
over o K 1 , where l 1 ≥ 0, · · · , l m ≥ 0 are integers. Since ao K 2 = ao K 2 by [21, Chapter IV, (8.6) Theorem], one obtains that
This implies that a = η i 0 (1 + 2 √ δρ(x)) with ρ(x) ∈ o K . Since
with c i ∈ Z for 1 ≤ i ≤ s as desired.
The main result of this section is the following theorem. Proof. Sufficiency. By finite extension of the ground field if necessary, we simply assume that L represents 1 over k. There is x ∈ L such that Q(x) = 1. Since rank(L) ≥ 2, there is y ∈ L ∩ (kx) ⊥ satisfying Q(y) ∈ o k , where (kx) ⊥ is the orthogonal complement of kx in kL. Let M = (o k x ⊥ o k y) ⊆ L. One only needs to show that M is potentially universal. Write Q(y) = δ ∈ o k . By Lemma 4.3, there is a finite extension F/k with b 1 , · · · , b n , √ δ ∈ o F such that any element x ∈ o k can be written as
where r 1 ≥ 0, · · · , r n ≥ 0 are integers and ρ(
Necessity is obvious.
